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Abstract In this paper, we study the symmetries of massless and massive particles action.
By considering the non-commutative space-time, we find appropriate non-commutative rela-
tion for relativistic particles which leaves invariant the non-commutative Minkowski space-
time. We show that non-commutativity break the scale and conformal invariance in massless
and massive action. So, in non-commutative space-time the massless and massive particles
have same symmetry.

Keywords Twisted · Poincaré and conformal transformation · Non-commutative geometry

1 Introduction

Relativistic particle theory may be seems as a first version of string theory and general rel-
ativity, also the connection between string theory and non-commutative geometry has been
known. This is because it is believed that in quantum theories containing gravity, space-time
must change its nature at distances comparable to the Planck scale. Quantum gravity has an
uncertainty principle which prevents one from measuring positions to better accuracies than
the Planck length [1], non-vanishing commutation relation between the space-time coordi-
nates is the model for these effects. Many developments in string and superstring theories
were reached in this direction [2–4], and it is now believed that non-commutative geometry
naturally arises from the string theory.

As we know [5] found that the massless particle action has a larger set of space-time
invariance and then the appearance of non-vanishing mass may be associated the breaking
of some of these extra invariance such as conformal invariance. In commutative space the
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massless particle action had a Poincaré and conformal invariance but the massive just had
a Poincaré invariance. So, this give us motivation to investigate the massless and massive
action in non-commutative space. Also we show that the massless and massive particles
action have a same invariance in non-commutative space, because the conformal invariance
broken for the two actions.

In this work we consider relativistic particles action and its symmetries. We apply
this symmetries to non-commutative space-time and find appropriate relation which leaves
Poincaré invariance. Also we write conformal algebra in terms of new coordinates.

2 Relativistic Particles Action and Its Symmetries

First, we review the symmetries of the relativistic particles action. A relativistic particle
describes is space-time a one-parameter trajectory xμ(τ). The dynamics of the particle must
has reparametrization invariance, it means that the value of the action is independent of the
parametrization. A possible form of the action are given by [5],

S = 1

2

∫
dτ(λ−1ẋ2 − λm2), (1)

where τ is an arbitrary parameter along the particle’s world-line and a dot denotes deriv-
atives with respect to τ and also we use the neutral unit (� = c = 1). Action (1) defines a
generally covariant one-dimensional field theory where the particle mass m plays the role
of a cosmological constant [6–8]. We can take m = 0 limit in action (1) and go to massless
limit which is described by the following action,

S = 1

2

∫
dτλ−1ẋ2, (2)

where massless limit is usually considered to describe the high energy limit of relativistic
particle theory.

Let us now consider space-time symmetries of action (2). In general, we can write four
transformations which leaves action (2) invariant. Indeed action (2) has following symme-
tries, translation with generators Pμ = ∂μ,

xμ′ → xμ + aμ,

λ′ → λ,
(3)

and rotation with generators Mμν = xμ∂ν − xν∂μ,

xμ′ → xμ + ωμ
ν xν,

λ′ → λ,
(4)

where ω is antisymmetric tensor. Translation (3) and rotation (4) construct the Poincaré
transformation. Both action (1) and (2) are invariant under the Poincaré transformations, but
the massless action has a larger symmetries. It is invariant under the scale transformation
with generators D = xμ∂μ,

xμ′ → xμ + αxμ,

λ′ → 2αλ,
(5)

where α is an infinitesimal constant.
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Also action (2) is invariant under the conformal transformation with generators Kμ =
(2xμxν − δν

μx2)∂ν ,

xμ′ → xμ + (2xμxν − ημνx2)bν,

λ′ → 4λx.b,
(6)

where bμ is a constant vector.
Generally we can write total vector field as,

V = aμPμ − 1

2
ωμνMμν + αD + bμKμ. (7)

The generators of the vector field (7) satisfy the conformal space-time algebra,

[Pμ,Pν] = 0, (8)

[Pμ,Mνλ] = δμνPλ − δμλPν, (9)

[Mμν,Mλρ] = δνλMμρ + δμρMνλ − δνρMμλ − δμλMνρ, (10)

[D,D] = 0, (11)

[D,Pμ] = −Pμ, (12)

[D,Mμν] = 0, (13)

[D,Kμ] = Kμ, (14)

[Pμ,Kν] = 2(δμνD − Mμν), (15)

[Mμν,Kλ] = δνλKμ − δλμKν, (16)

[Kμ,Kν] = 0. (17)

Here we must note that relations (8)–(10) are Poincaré algebra. The Poincaré algebra is a
sub-algebra of the conformal algebra.

In the next section we discuss about non-commutative space-time and obtain twisted
space-time symmetries of relativistic particles action.

3 Non-commutative Symmetries

As we know, due to quantum gravity effects the space-time coordinates are non-commutative
[9–11]. In non-commutative space-time, one can write,

[x̂μ, x̂ν] = i

k2
θ(0)
μν + i

k
θ(1)ρ
μν x̂ρ + iθ (2)ρτ

μν x̂ρ x̂τ , (18)

where the fundamental mass parameter k has been introduced in order to exhibit the mass
dimensions of respective terms and have the constant tensor θ(0)

μν , θ(1)ρ
μν , θ(2)ρτ

μν as dimension-
less. Twisted space-time symmetries of relativistic particles action has been studied in [6].
In here we have to study the invariance of local non-commutative action. Our goal is apply
transformations (3)–(6) to relation (18) to find appropriate relations which leaves it invariant
under that transformations. Equation (18) is invariant under the following transformation,

x̂μ → x̂ ′
μ = x̂μ + âμ, (19)
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if we have,

[âμ, âν] = i

k
θ(1)ρ
μν âρ + iθ (2)ρτ

μν âρ âτ ,

[x̂μ, âν] = i

2
θ(2)ρτ
μν (x̂ρ âτ + x̂τ âρ).

(20)

Also (18) is invariant under the following transformation,

x̂μ → x̂ ′
μ = x̂μ + ω̂μ

ν x̂ν, (21)

if we have,

[x̂μ, ω̂ν
λx̂

λ] = i

2
θ(2)ρτ
μν (x̂ρω̂

τ
γ x̂γ + ω̂ρ

γ x̂γ x̂τ ),

[ω̂μ
σ x̂σ , ω̂ν

λx̂
λ] = i

k
θ(1)ρ
μν ω̂ρ

γ x̂γ + iθ (2)ρτ
μν ω̂ρ

γ x̂γ ω̂τ
ε x̂

ε.

(22)

Generally relation (18) is invariant under Poincaré transformation,

x̂μ → x̂ ′
μ = x̂μ + âμ + ω̂μ

ν x̂ν, (23)

if we have the following relations

[âμ, âν] = i

k
θ(1)ρ
μν âρ + iθ (2)ρτ

μν âρ âτ ,

[x̂μ, âν] = i

2
θ(2)ρτ
μν (x̂ρ âτ + x̂τ âρ),

[âμ, ω̂ν
λx̂

λ] = i

2
θ(2)ρτ
μν (âρω̂

τ
γ x̂γ + ω̂ρ

γ x̂γ âτ ),

[x̂μ, ω̂ν
λx̂

λ] = i

2
θ(2)ρτ
μν (x̂ρω̂

τ
γ x̂γ + ω̂ρ

γ x̂γ x̂τ ),

[ω̂μ
σ x̂σ , ω̂ν

λx̂
λ] = i

k
θ(1)ρ
μν ω̂ρ

γ x̂γ + iθ (2)ρτ
μν ω̂ρ

γ x̂γ ω̂τ
ε x̂

ε.

(24)

But relation (18) is not invariant under scale and conformal transformation because the non-
commutative version break the conformal and scale invariance. In that case we rewrite con-
formal algebra (8)–(17) in terms of new coordinates,

[P̂μ, P̂ν] = 0, (25)

[P̂μ, M̂νλ] = δμνP̂λ − δμλP̂ν, (26)

[M̂μν, M̂λρ] = δνλM̂μρ + δμρM̂νλ − δνρM̂μλ − δμλM̂νρ, (27)

[D̂, D̂] = i

k2
θμν(kx̂)P̂μP̂ν, (28)

[D̂, P̂μ] = −P̂μ, (29)

[D̂, M̂μν] = 0, (30)

[D̂, K̂μ] = K̂μ + 2i

k2
θμν(kx̂)xμP̂μP̂ν, (31)
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[P̂μ, K̂ν] = 2(δμνD̂ − M̂μν), (32)

[M̂μν, K̂λ] = δνλK̂μ − δλμK̂ν, (33)

[K̂μ, K̂ν] = 4i

k2
θμν(kx̂)x̂μx̂νP̂μP̂ν, (34)

where

θμν(x̂) = θ(0)
μν + θ(1)ρ

μν x̂ρ + θ(2)ρτ
μν x̂ρ x̂τ . (35)

We see that the Poincaré algebra (25)–(27) is same as old version in (8)–(10) but rela-
tions (28), (31) and (34) shows conformal symmetry break in non-commutative space-time.
The algebraic relation between generators of scale and conformal transformations involves
non-commutative parameter θμν .

4 Conclusion

In this paper we consider symmetries of particles action. We study this symmetries in non-
commutative space-time defined by (18). In here we obtained appropriate non-commutative
relations which kept invariant the non-commutative Minkowski space-time. We rewrite con-
formal algebra in non-commutative space-time and shows that the non-commutative space-
time break the conformal invariant as is expected, these lead us to have same symmetry for
the massless and massive action.
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